Introduction
In this paper, we construct a global weak conservative solution of the Camassa-Holm(CH) equation on the periodic domain S 1 ≃ [0, 1]
The equation was originally derived as a model for shallow water waves and has remarkable properties like infinitely many conservation laws via bi-hamiltonian structures [1, 7, 11, 16] and soliton-like solutions [6, 12, 13, 14, 32, 33, 34] . Also, the solutions of this equation can be interpreted as geodesics of the right invariant Sobolev H 1 metric on the diffeomorphism group on the circle [15, 29, 28, 37] . In fact, in terms of the diffeomorphism η defined by the flow equation
the CH equation is rewritten as an ODE on the Banach manifold and the local well-posedness of the corresponding Cauchy problem is obtained by using the standard ODE technique. It is known that some solution u(t, x) of the CH equation develops a finite time singularity [35, 8, 9, 10] . The mechanism for this breakdown is called a wave breaking; the solution remains bounded since the total energy (u 2 + u 2
x )dx is conserved until the breakdown time, but its slope becomes unbounded. In the geometric perspective, wave breaking is described as the diffeomorphism η forming a horizontal tangent as it evolves in time, i.e. the particle trajectories hit the boundary of the diffeomorphism group. Also, wave breaking can be illustrated in terms of peakon-antipeakon interaction; either two waves pass through each other with total energy preserved, or annihilate each other with a lose of energy. The solutions in the former case is called conservative and the latter case is called dissipative.
The continuation of the solutions after wave breaking has been studied extensively. There are different situations where such solutions are constructed; type of domain(periodic/non-periodic), vanishing/non-vanishing asymptotics in the case of non-periodic domain, energy preservation after the breakdown(conservative/dissipative), etc. We will list some previous known results on the global weak solutions by their distinct approaches. Bressan-Constantin [2, 3] and Holden-Raynaud [19, 20, 21, 22, 23] obtained global weak solutions by reformulating the CH equation into a semilinear system of ODEs after introducing a new set of independent and dependent variables. Another approach was taken by Xin-Zhang [39] using the limit of viscous approximation. Bressan-Fonte [4] defined a Lipschitz distance functional to extract global weak solutions as the uniform limit of multi-peakon solutions. Grunert-Holden-Raynaud [24, 25] defined the new Lipschitz metric that is consistent with the construction of the solutions as in [19] and [22] . The authors also studied the aspects of global conservative solutions of the CH equation with nonvanishing asymptotics [26] and as a limit of vanishing density in the two-component CH system [27] .
In this paper, we construct global weak solutions of the CH equation by using a simple change of variables on the Lagrangian variable η:
This idea is motivated by Lenells [30, 31] who constructed global weak solutions of the Hnter-Saxton(HS) equation
The author used the geometric interpretation that the HS equation describes the geodesic flow on the L 2 sphere via (1) . In particular, the geodesic remains on the L 2 sphere for all time and this makes it possible to continue the geodesic in the weak sense after the blow up time. In the CH equation case, even though we don't have exactly the same geometric picture and explicit formula as in HS equation case, we can use the same transformation (1) for the weak continuation of the solution.
In Section 2, we write the CH equation in ρ variables by the change of variables (1) . Then in Section 3, we will regard the resulting equation as an abstract ODE independent of the derivation and prove that solution exists globally. In Section 4, we construct conservative weak solutions of the original CH equation in u variable. In particular, we obtain the same global results for the CH equation, which is due to Bressan-Constantin [2] , in much simpler way. Also, we improve the result of McKean [36] by obtaining the persistence of the smoothness of Lagrangian trajectories without the assumption on the momentum. The main theorems of this paper are the following: Theorem 1. The Cauchy problem for the periodic Camassa-Holm equation
has a global solution u ∈ C(R, H 1 (S 1 )) ∩ Lip(R, L 2 (S 1 )). The solution is weak in the sense that the equality in the equation (2) is satisfied in the distributional sense. Also, the solution u is conservative;
Theorem 2. Let η(t, x) be the Lagrangian variable determined by the flow equation
where u is the solution of the Cauchy problem (2). Then η is absolutey continuous with respect to the spatial variable x for all time. Furthermore, if η is initially C k , then η remains C k for all time.
Finally, Section 5 contains some conclusions and remarks.
The Setup
Consider the periodic CH equation in the Eulerian form
On the periodic domain, Λ −1 can be written as an operator
where g(x) = cosh(x − ⌊x⌋ − 1/2)/2 sinh(1/2) and where ⌊x⌋ denotes the integer part of x. With the variable η defined by the flow equation
we obtain the CH equation in η variable:
We want to write the equation (4) in another Lagrangian variable ρ defined by
So we first need to redefine quantities that appear in the equation (4) in terms of ρ and ρ t . The idea is to use the conserved quantities of the CH equation (3), namely the mean µ(u) and H 1 energy u H 1 , to redefine η t and
Since µ(u) = 1 0 u dx is conserved, we can reconstruct
Since G is a periodic function on the circle, we must have G(1) = G(0) and this implies
Hence, we get
which are equivalent. By differentiating η t with respect to x in the above equation, we get η tx = 2ρρ t , so we can reconstruct
We are now ready to rewrite the equation (4) in ρ variables. By differentiating the equation (4) with respect to x, we get
Since η xtt − η 2 tx 2ηx = 2ρρ tt , the above equation in ρ variables is given by
Dividing by 2ρ on both sides, we get the equation
this point on, we will consider ρ independent of any η and u, and construct global weak solutions of the original CH equation from the global solution of the equation (6).
Global Solution of the CH Equation in ρ variables
From the explicit formula of the pressure (5), we get
Note that H is well-defined when ρ = 0.
We have
Now, by differentiating G with respect to t, we get
We want to show that H(t, 0) + C ′ (t) = 0. We can compute 
3.2.
Conservation of H 1 energy. We claim that 'H 1 energy' of the ρ equation is conserved:
Recall that we have
since F and G are periodic. Hence, the 'H 1 energy' of ρ is conserved which in particular implies that ρ t L 2 uniformly bounded.
Global solution of the equation in ρ variables.
In order to prove the global existence and uniqueness of the solution for the initial value problem (6), we show that the RHS of the equation (6) is a smooth and bounded function in (ρ, ρ t ). Let f (ρ, ρ t ) :
. We first compute the variational derivative in ρ t .
Note that G is linear in ρ t so it is smooth with respect to ρ t . Also, for ψ ∈ L 2 (S 1 ),
and we can check that ∂F ∂ρt is in L 2 and continuous with respect to ρ t . By repeating the differentiation, we can see that F is also smooth with respect to ρ t . Similarly, we can show that f is smooth with respect to ρ.
In addition, we have the bound
Since ρ L 2 = 1 and ρ t L 2 is uniformly bounded, we can see that |G 2 − F | is uniformly bounded. Hence, the RHS of the equation (6) is smooth and uniformly bounded in (ρ, ρ t ), and so the Cauchy problem (6) has a global solution by Wintner's Theorem from the ODE theory(see [18] ).
Global Weak Solution of the CH equation in u variable
From the global solution ρ, we can readily reconstruct the global weak solutions for the equation We claim that the pair (H, G) solves the equation (4) in the weak sense. From the equation (7), we have
As in [31] , G•H −1 (the analogue of η t •η −1 ) and Gx Hx •H −1 (the analogue of ηtx ηx •η −1 ) are well-defined even though H is not injective. Hence, we can conclude that
by the Chain Rule and this proves the claim. Note that this solution is weak since H is only absolutely continuous.
We claim that u is the weak solution of the equation (2) . Note that
in the distributional sense from [31] . So u is a weak solution of the (2) if
where p = Λ −1 (u 2 + 1 2 u 2 x ). We have
and φ has a compact support. 
Global spatia smoothness of the particle trajectoreis
We can observe that by providing extra smoothness on ρ and ρ t variables, we can improve the smoothness of the G. In fact, the estimate (9) will continue to work with L 2 norms replaced by C k norms since the spatial domain is compact. Hence, the solutions for the Cauchy problem (6) in ρ variables will be global in C k spaces. Consequently, the Lagrangian variables H and G will be C k+1 on S 1 for all time whenever ρ and ρ t is C k . This completes the proof of the Theorem 2.
Remark 3. Theorem 2 improves the result of McKean [36] . The difference between the current work and Mckean's work is that we don't need the assumption for the momentum m = u − u xx to satisfy m, m x ∈ H 1 .
Future Research
The global weak continuation of the CH equation in this research suggests that there might be a general theory that explains why it works. We can first suspect that the metrics corresponding to the HS and CH equations are close. That is, in the space of all Riemannian metrics on the group of diffeomorphisms, the Sobolev H 1 metric can be regarded as a nonlinear perturbation ofḢ 1 metric, where the global weak continuation property is a consequence of the robustness of the perturbation. However, the geometry of two diffeomorphisms are different since the sectional curvature ofḢ 1 metric is a positive constant, whereas the H 1 metric has sectional curvature positive in 'most directions' but also assumes negative sign(see [30, ?] )
We can apply the change of variable technique in this paper to other Euler-Arnold equations or generalize this Lagrangian change of variable technique. In particular, we can consider the Wunsch equation which is the Euler-Arnold equation with a right invariant H 1/2 metric: ω t + uω x + 2ωu x = 0, ω = Hu x , H is the Hilbert transform, It was studied by Bauer-Kolev-Preston [5] as a 1 dimensional vorticity equation for the 3 dimensional Euler's equation. The solution of Wunsch equation forms a finite time singularity along a particle trajectory due to wave breaking and the blow up result was further extended in the framework of Teichmüller theory by Preston-Washabaugh [38] .
Lastly, it would be interesting to interpret the global weak solution of the CH equation constructed in this paper in the context of optimal transport. Recently, Gallouët-Vialard formulated generalized CH equation as an Euler-Arnold equation which can be identified as a particular solution of the incompressible Euler's equation on the group of homeomorphisms on R 2 \ {0}. It would be interesting to see how the blow up and the global weak continuation of the CH equation be described in that setting and understand the role of the change of variables (1).
